





A CHARACTERIZATION OF 
HOMOGENEOUS PRODUCTION FUNCTIONS 









This paper states a theorem that characterizes homogeneous production functions 
in terms of the ratio of average to marginal costs. The theorem claims that a 
production function is homogeneous of degree k if and only if the ratio of average 
costs to marginal costs is constant and equal to k. In order to prove the theorem 
two lemmas -with theoretical value of their own– are demonstrated before hand: 
the first one establishes that a production function is homogeneous of degree k if 
and only if its elasticity of scale is k; the second one determines the conditions on 
the production function under which any input vector can be an optimum, for some 
choice of the price vector and the level of production.  
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UNA CARACTERIZACIÓN DE 
LAS FUNCIONES DE PRODUCCIÓN HOMOGÉNEAS 
UTILIZANDO LA RAZÓN ENTRE 






Este documento enuncia un teorema que caracteriza a las funciones de 
producción homogéneas  en términos de la razón entre los costos medios y los 
costos marginales.  El teorema establece que una función es homogénea de 
grado k si y sólo si la razón entre los costos medios y los costos marginales es 
constante e igual a k.  Con el fin de demostrar el teorema, se prueban de 
antemano dos lemas –con valor teórico propio-: el primero establece que una 
función de producción es homogénea de grado k sí y sólo si su elasticidad de 
escala es k; el segundo teorema establece las condiciones que debe cumplir una 
función de producción de tal forma que cualquier vector de insumos pueda ser un 
óptimo, para algún vector de precios y un nivel dado de producción. 
 
Palabras clave: Elasticidad de escala, funciones de producción homogéneas, 
retornos a escala, costos medios y costos marginales. 
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I. INTRODUCTION 
 
Almost every textbook in Microeconomic Theory includes a section on 
homogeneous functions, and presents some well know relations between (global) 
returns to scale and the degree of homogeneity of the production function.  In 
particular, a homogenous function has decreasing, constant or increasing returns 
to scale if its degree of homogeneity is, respectively, less, equal or greater than 1.  
 
Another well known result on homogeneous functions is the Euler’s Theorem -also 
called the adding up theorem-, which states that 
 












x ,  for all x.  
 
Although the converse is also true, this is not considered in most of the textbooks. 
As an exception to this peculiar omission Jehle et al. (2000) present a 
demonstration of both the theorem and its converse. 
 
It should be noticed that many functions representing technologies are not as well-
behaved as the homogeneous functions. Some, for instance, exhibit decreasing, 
constant and increasing returns to scale for different choices of the input vector.  
That is why a local measure of returns to scale is needed, such as the elasticity of 
scale.  Hanoch (1975) makes a comparison between different concepts of returns 
to scale leading to the same measure of elasticity of scale, at every optimum input 
vector where costs are minimized. As an initial result, he points out that for any 
homogeneous function of degree k, the elasticity of scale is k at all input vectors. 
Since every homogeneous function has some kind of global returns to scale, it 
should not be surprising that a local measure of returns to scale takes the same 
value for every input vector in its domain.  But it is not obvious that the converse 
also holds, i.e., that the only production functions for which the elasticity of scale is   4
constant are the homogeneous functions.  As it will become clear later, this result 
follows directly from the converse of Euler’s theorem. 
 
Since technology can be described by production functions or by cost functions, 
many authors have studied the relationship between returns to scale, marginal 
costs and average costs [for instance, a geometrical approach can be found in 
Mas-Colell  et al. 1995]. A well known theorem, established by Frisch (1965), 
states that the elasticity of scale of a production function, which Frisch called the 
passus coefficient, evaluated at the optimum (at the input vector that minimizes 
costs), equals the ratio of average cost to marginal cost.  So, if the production 
function is homogeneous of degree k, the elasticity of scale will be k at all input 
vectors, in particular at the optimum, an so it will be the ratio between average and 
marginal costs.  Again, the converse does not follow directly, since the result 
stated by Frisch does not tell us anything about the value of the elasticity of scale 
outside the optimum. However, some natural conditions can be imposed on the 
production function in order to guarantee that any input vector could be an 
optimum, depending on the input prices and the level of production.  This implies 
that, if the ratio between average and marginal costs is a constant k, then the 
elasticity of scale equals k everywhere, and so the production function is 
homogeneous of degree k.  What follows is a detailed proof of these results. 
 
III. THEORETICAL  FRAMEWORK 
 
A production function shows the maximum level of output y that can be achieved 
with an input vector x, where the amount of any input used is not allowed to be 
negative, nor the level of output.  Formally,  ( ) : a n d  
n fy f ++ →= x \\ . 
 
In this paper, some usual conditions will be imposed on the production function 
gradually, as they are needed to prove the lemmas required to demonstrate the   5
theorem stating the central result under consideration. For now, let us assume that 
the production function satisfies: 
 
 
1.1.  () 0 f = 0  
1.2.   f is strictly increasing:  
 
If  ( ) ( ) ( ) () 01 0 1 0 1 0 1  then   and, if    then  ff ff ≥≥ > xx x x x x x x   
 
  
Elasticity of scale and homogeneity 
 
The elasticity of scale is a local measure of returns to scale. Defined at a point x, 
it shows the change in output, in percentage terms, when all inputs are changed in 
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() e x  is the elasticity of scale  
f is the production function 
t is the scale factor, normalized to 1 
 
By assumptions 1.1 and 1.2 the production function is never zero on 
n
++ \ , but 
there could still be points over the axis, different from 0, where  () 0 f = x . So we 
define  D as the subset of 
n
+ \  where  ( ) 0 f ≠ x and, consequently, restrict the 
definition of the elasticity of scale to the domain D. To illustrate this restriction,   6
consider a two input Cobb-Douglas production function  () 12 12 , f xx A xx
α β = , where 
the total output is 0, if one of the inputs is set to 0, and different from 0 elsewhere.  
In such case, the elasticity of scale would not be defined only if any of the inputs is 
0. 
 
A production function is homogeneous of degree k if, for all t > 0, 
 
( ) ( )
k ft tf = xx   (2)
 
Given these definitions, we can state and prove the following result. 
 
Lemma 1:  A production function -satisfying certain conditions- is homogeneous of 
degree k if and only if the elasticity of scale is k. 
 
Consider one direction of the lemma:  If a production function (satisfying 
assumptions 1.1, 1.2) is homogenous of degree k, its elasticity of scale is k. 
 
Proof: Note first that   
( ) ()

































Thus, the first part of the lemma has been verified. 
   7
As an illustration of the usefulness of this result, consider the following questions 
that can be found in some textbooks. What is the elasticity of scale of the: 












⎝⎠ ∑ x  [Varian 
(1992), p. 21] 









= ∏ x  [Varian (1992), p. 17] 







=∑ x  
d.  Perfect complements production function,  ( ) [ ] 11 min ,..., nn f ax ax = x  
 
All of the above questions are useful as ways of applying the definition of elasticity 
of scale with specific production functions that have the same returns to scale for 
all possible values of x.  But the first part of the lemma implies that the answer to 
all of them is, trivially, the same:  () ek = x , the degree of homogeneity of the 
production function. 
 
To prove the second part of lemma 1 we will take the partial derivatives of the 
production function with respect to all its inputs, so, to ensure that the partial 
derivatives exist and are continuous, we assume further that: 
 
1.3.  The production function is C1 (it has continuous first order derivatives in its 
entire domain).  
 
Note however, that this assumption is not sufficient, since we have an additional 
problem to deal with. By hypothesis, we know that the elasticity of scale is a 
constant k for all  D ∈ x  (where it is defined), but we want to conclude that the 
production function is homogeneous of degree k in its entire domain 
n
+ \ .  There   8
are various ways to avoid this difficulty. For example, consider the following 
tentative assumptions on the production function f: 
 
1.4.  f is strongly increasing:  ( ) () 01 01 0 1 if   and   then ff ≥≠ > xx xx x x  
1.5.  f is strictly quasiconcave: 
() ( ) ( ) ( ) () { } 01 0 1 0,1 : if  1  then   > min , tt t f f f ∀∈ = + − xx x x x x 
1.6. The  domain  of  f is 
n
++ \  (instead of 
n
+ \ ). 
 
Any of these, taken alone, can be used to prove lemma 1. In particular, 1.4 or 1.5 
separately imply that  ( ) 0 f = x  if and only if  0 = x , given assumption 1.3. 
Furthermore, if 1.6 is the one that holds, 
n D ++ = \ , else  { } \
n D + = 0 \ . 
 
We can prove now the other direction of lemma 1: If the elasticity of scale of a 
production function is a constant k, the production function is homogeneous of 
degree k (assuming conditions 1.1 – 1.3 and 1.4, 1.5 or 1.63). 
 















For fixed  D ∈ x ,  














Evaluating at t = 1, we get  













                                                           
3   Note that assumption 1.4 implies assumption 1.2.   9
 

































Finally, the homogeneity of the function  f  follows directly from Euler’s Theorem 


















Note that if assumption 1.6. holds, 
n D ++ = \  as f is strictly increasing, and the result 
is already proved. However, if we assume 1.4 or 1.5, instead of 1.6, then there is a 
case we have not considered yet, i.e.,  D ∉ x .  In this case  () 0 f = x  and so, as 
stated previously,  0 = x . But then both sides of equation (4) equal cero and the 
equality holds trivially. 
 
Thus, if the production function has a constant elasticity of scale k for all  D ∈ x , it 
is homogeneous of degree k in all of its domain. This completes the proof of 
lemma 1. 
 
Optimality and production functions 
 
The price of the n inputs used by a typical firm with production function 
:
n f ++ → \\  can be represented by a price vector 
n
++ ∈ w \ , and thus, the total 
costs faced by the firm are  ⋅ xw . Given a price vector w and a level of production 
y, a profit maximizing firm will solve the problem:  10
 
( )
n     








Correspondingly, the cost function, which expresses the minimum expenditure 
needed to achieve a level of production y at input prices w , is usually defined as: 
 
() ( ) { }
n , m i n :   cy f y + = ⋅∈ ∧≥ wx w x x \  
 
Previously we showed that lemma 1 can be demonstrated using either assumption 
1.4 or 1.5.  However, both of these conditions are usually imposed on the 
production function to derive most of its desirable properties.  From now on, we 
are going to make weaker assumptinons: we will keep assumption 1.4 and we will 
suppose further that: 
 
1.5(b) The production function is quasiconcave: 
 
[ ] ( ) ( ) ( ) () { } 01 0 1 0,1 : if  1  then     min , tt t ff f ∀∈ = + − ≥ xx x x x x 
 
1.6  The marginal productivities are positive: 
 
( )













Lemma 2:  If the production function satisfies 1.1, 1.3, 1.4, 1.5(b) and 1.6 then, for 
any  { } \
n R+ ∈ x0  there exist 
n R + + ∈ w  and  0 > y  such that 
() Argmin     s.t.  fy ∈⋅ ≥ xx w x . 
  11
Let  {} () ( )
() 1




























Given that f is strongly increasing and  ( ) 0 f = 0 , then  ( ) 0 > =
∗ ∗ x f y and, since for 
all i,  ( ) 0 >
∗ x i f , 
n R + +
∗ ∈ w . 
 
Now consider the problem  ( )
n     







. The Kuhn Tucker conditions 
for an optimum (a local minimizer) of this problem are: 
 
(a)  () ,  ii wf λ
∗ ≥ x  with equality if  0 i  x > , for all  1 i ,...,n =  
(b)  () ( ) 0 = −
∗ y f x λ , where  0 λ ≥  
 
It can be easily verified, replacing in (a) and (b), that 










these conditions, i.e., 
∗ x  meets the necessary conditions for an optimum. 
 
To complete this demonstration we must prove that 
∗ x  also satisfies the sufficient 
conditions for a global minimizer of the problem considered.   
 
Note first that the objective function is  ( )
∗ ⋅ = w x x c , and  () , for all  c
∗ ∇= xw x . So, 
() () cc =∇ ⋅ xx x , and then,  for any x and x’ such that  ( )( ) x x c c < ' ,  ()( ) 0 ' < − ⋅ ∇ x x x c . 
 
Now, as proved in Mas-Collel et al. (1995) [Theorem M.K.3] if: 
 
(1) There are no equality constraints  
(2) The inequality constraint is given by a quasiconcave function, and  
(3) The objective function satisfies  ( ) ( )( ) ( ) x x x x x c c c < < − ⋅ ∇ '     whenever , 0 '   12
 
Then, if 
∗ x  satisfies the Kunh-Tucker conditions, 
∗ x  is a global minimizer.  
 
As the constraint, the objective function and 
∗ x meet the conditions required, 
∗ x is 
a solution to the minimization problem given, and this completes the proof of 
lemma 2. 
 
Homogeneity and costs 
 
Starting from the cost function, as it was previously defined, two concepts that are 
























As mentioned before, Frisch (1965) proved a theorem relating average and 
marginal costs with the elasticity of scale which states that, at the optimum vector 
















Using this theorem and lemmas 1 and 2, the following statement can be proved. 
 
Theorem:  A production function, that satisfies 1.1, 1.3 1.4, 1.5(b) and 1.6, is 
homogeneous of degree k if and only if the ratio of average costs to marginal costs 
is constant and equal to k. 
  13
Proof: If the production function is homogeneous of degree k, then by lemma 1 
() ek = x  everywhere, in particular, at the optimum 
∗ x  that minimizes costs with 









, by (5). 
 
Now suppose that the ratio of average costs to marginal costs is constant and 
equal to k, for all (,) y w .  Let  { } \
n R+ ∈ x0 , then by lemma 2, there exist 
n R + + ∈ w  and 
0 > y  such that  ( ) Argmin    s.t. yf ∈⋅ ≤ xx w x , so x is an optimum that minimizes 
costs at (,) y w  and, by (5),  () ek = x .   
 
As  { } \
n R+ ∈ x0  was arbitrarily chosen, the last result holds for all x, and then, using 
lemma 1, it follows that the production function is homogeneous of degree k. This 
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